We solve the Saffman-Taylor finger selection problem in the absence of surface tension by showing that an arbitrary interface in a Hele-Shaw cell evolves to a single uniformly advancing finger occupying one half of the channel width.
INTRODUCTION
The problem of the finger width selection was posed in 1958 by Saffman and Taylor [1] in their study of displacement of oil by water in a Hele-Shaw cell. This cell consists of two parallel glass plates separated by a thin gap occupied by a viscous liquid which is pushed by a less viscous one. This simple device is extremely useful for modeling flows in porous media, the study of which is vitally important for petroleum, environmental, and groundwater industries, to name just a few applications. Flows in uniform porous media and in the Hele-Shaw cell are very similar, since they are described by the same law:
where v is fluid velocity, and p is pressure. Eq. (1) is the empirical Darcy law describing flow in uniform porous media. For the Hele-Shaw cell, this equation follows from the Navier-Stokes equation averaged over the direction perpendicular to parallel plates. Saffman and Taylor [1] observed that an almost planar initial oil/water interface becomes unstable and gives rise to many competing fingers which eventually evolve to a single uniformly advancing finger occupying one half of the channel width, if surface tension is very small. But, as was analytically shown in the same paper [1] , any finger width was equally possible. So the selection problem was stated: why does the Nature choose a width of onehalf?
This problem appeared to be universal, i.e. the same selection phenomenon is common for displacement of various viscous liquids by less viscous ones for immiscible and incompressible liquids. As was later understood, this problem touches the more general problem of pattern selection in nonequilibrium phenomena, which has been of much subsequent scientific interest [2] .
When the viscosity of water is negligible compared with oil viscosity, the mathematical formulation of this problem in the absence of surface tension has the form:
(at the oil/water boundary) V n = −∂ n p (at the oil/water boundary)
where V n stands for the normal velocity of the moving interface and ∂ n p is the normal component of the gradient of pressure. It is known [1] that the finger moving in the horizontal direction with velocity V and occupying the portion λ of the Hele-Shaw channel width is described by the formula
The channel width is chosen to be 2π in our scaled units. One can easily check that the Eq.(3) satisfies the system (2). Because of the constant flux Φ ∞ at x = ∞, the area covered by the moving interface changes linearly in time, so that 2πλV = Φ ∞ . Choosing Φ ∞ = 2π we fix the velocity to be V = λ −1 . We parameterize the moving interface z(t, φ) = x(t, φ) + iy(t, φ) by the dimensionless parameter φ, which varies between 0 and 2π, while z(t, φ) spans the whole moving interface at the time t. In these terms, the finger (3) can be rewritten as
where we used V = λ −1 . The system (2) can be reduced to an integro-differential equation for the moving interface. This equation, which we call the Laplacian growth equation (LGE) [3] has the form:
Im(z t z φ ) = 1 .
Here the bar denotes complex conjugate, z t and z φ are partial derivatives, and the map z(t, φ) is conformal with respect to φ in the lower-half plane, Im φ < 0. This equation was first derived in 1945 by Galin [4] and PolubarinovaKochina [5] and was rediscovered several times afterwards. One can easily see that z(t, φ) given by Eq. (4) is the steady-state traveling-wave solution of the LGE (Laplacian growth equation) given by Eq.(5). The finger width λ remains here a free parameter, while experimentally it is always 1 2 . What determines λ? In the same article [1] , where the finger selection problem was posed, Saffman and Taylor proposed that surface tension between the two fluids would solve the selection problem. Since then, it has been widely accepted that the inclusion of surface tension is the only way to select the most stable finger width, and numerous works were done in solving the selection problem in this way (see books [6, 7] and references therein). While mathematically non-trivial and challenging [7] , this activity, being especially intensive in the 1980s, was nonetheless successfully completed [6] and summarized in the review [8] . In short, several groups in 1986 almost simultaneously demonstrated, using expansion "beyond all orders" and reduction to a nonlinear eigenvalue problem, the numerical evidence of instability of all widths, except one-half, in the limit of low surface tension [9] . Non-zero surface tension was claimed to be responsible for the selection: equating it to zero makes this analysis senseless.
To our knowledge, no one questioned if this selection could be explained without the inclusion of surface tension. Why was no attention paid to the selection in the absence of surface tension? We see two reasons for this.
First, because of the absence of analytic time-dependent solutions, all selection studies were focused around the linear stability analysis of a steadystate traveling wave finger in the presence of surface tension. While influence of such a small factor as surface tension on macroscopic size of the finger does not seem for us entirely natural, it is true nonetheless that surface tension is the main physical factor neglected when the continuous family of fingers (3) was derived [1] .
The second reason to include surface tension is, we think, the belief that this problem is ill-posed in the absence of surface tension, in the sense that a general moving front ceases to exist in a finite time, and this time can be made infinitesimally small. This attitude stems from the observation that almost all exact solutions of this problem obtained before 1994 [10, 11, 12] exhibit finite-time singularities (cusps). Because of the belief that these solutions are general and therefore catch main features of this problem, it was concluded that in order to reach long times, it is necessary to include surface tension for smoothing high curvatures and eliminating divergences [13] . Since then many works were devoted to studying surface tension effects on the interface dynamics in two-dimensional Laplacian growth [14] .
In 1994, we reported [3] a new class of exact time-dependent solutions of
LGE (5) having the form
where
After some (quite loose) constraints on the {α k }, these solutions remain smooth and analytic for all time [3] . The time dependence of a k (t) and τ (t) are given by the equations (8) where k = 1, 2, ..., N, and
where C is a constant in time.
All a k are located inside the unit circle and, if the same holds for the roots of z φ , then z(t, φ) is conformal in the lower-half plane of φ. We called these solutions N-finger solutions, since they describe the evolution of N fingers. The class of solutions (6-7) contains all previously known exact solutions [10] - [12] , [15] - [17] , including those which blow up in a finite time. The subclass of these solutions without finite time singularities, was also shown to be dense and complete in the space of all analytic curves [18] . It represents the most generic solution of this problem [19] . Therefore the dynamics of an arbitrary initial interface can be faithfully described only within this class. Besides these attractive mathematical properties, these solutions are very physical: they describe all known observed dynamical features in 2D Laplacian growth. Namely, they describe tip-splitting, side-branching, competition, coarsening and screening of growing fingers which are observed in all known experiments and simulations. All these features can be elucidated through the geometrical interpretation of the constants of motion {α k } and {β k } [3] . The complex number β k − α k log 2 is the location of the k-th stagnation point where the interface cannot pass, but approaches exponentially slowly. The distance between the interface and the stagnation point shrinks proportionally to exp(−t/ N k=1 α k ). Near the k-th stagnation point a groove with parallel walls originates, with width π|α k | and angle with respect to the horizontal axis θ k = arg α k . In terms of these stagnation points and grooves given by constants {β k } and {α k }, all dynamical features mentioned above are especially clear. These grooves have a tendency to merge and finally coalesce to a single growing finger in accordance with all known experiments and simulations [1, 6, 20] . As was recently proven [21] , an arbitrary generic initial interface given by the N-finger solution (6) necessarily evolves to a single uniformly advancing finger consistent with the experiments and simulations mentioned above.
In this paper, we will solve the
-width selection problem analytically in the absence of surface tension or any other kind of perturbation or ultraviolet cutoff. The paper is organized as follows. At first, we will show how an arbitrary initial width of the finger gradually moves to one half in agreement with experiments. Then, we will demonstrate how an arbitrary initial interface necessarily evolves to the 1 2 -width finger, thus showing that this finger is the only attractor for all moving fronts in a Hele-Shaw cell. This analysis will be performed both for the periodic and for the more physical "no-flux" boundary conditions. Discussion of the stability of the -width finger, speculation on the role of surface tension and the conclusion close this article.
THE SELECTION
It is known [15] that the development of a single finger with a relative width λ = 1 − α/2 in a long-time asymptotics is described by the formula
where 0 < α < 2, 0 < a < 1. For t → ∞ , τ = t/(1− α 2
) and a(t) = 1−ce −t/α , where c and α are constants in time. Choosing the width of the Hele-Shaw cell to be 2π, we have z(t, 2π) − z(t, 0) = 2πi, because of the periodic boundary conditions. Calculating z(t, 2π) − z(t, 0) from (10) and using the fact that |a| < 1, we obtain that 2πi = 2πiµ + 2πiα = 2πi(µ + α), or finally
Then we note that the second term in the right-hand side of the Eq. (10), namely µiφ, is the limiting value of the logarithm with a logarithmic pole ǫ located at zero:
The value ǫ = 0 is, however, unstable. To see this, we take small nonzero initial ǫ. Then the interface (10) will have the form
where 0 < ǫ ≪ 1. Equation (13) is exactly the N = 2 case of the N-finger solution (6) of the LGE (5). The dynamics of a(t), ǫ(t), and τ (t) is given by
in accordance with Eqs. (8) and (9) when N = 2. Here β 1 , β 2 , and C are constants in time. As one can see from (14) , a(t) and ǫ(t) merge at unity when t → ∞:
where the constants l 1 and l 2 are determined from the equations
In view of (15), we may substitute 1 for both a and ǫ with exponential accuracy O(e −τ ), and thus obtain from (13), for t → ∞ z(t, φ) = τ + (µ + α) log e iφ − 1 .
Let us interpret the result (17): because of the instability of the initial finger (10) having the width λ = 1 − α/2, the new finger described by (17) has been formed. Its width equals
in accordance with the condition (11) that µ + α = 1. Let us perturb the finger (10) in a more general way. We note that
if
Choosing all ǫ k to be nonzero, we rewrite the finger (10) in a perturbed way as
The equation (21) is the (N + 1)-finger solution (6) of the LGE (5) with dynamical conditions (8) and (9) . Several remarks apply. First, because of the density and completeness of the subclass of smooth solutions given by (6) in the space of all analytical curves on the plane [18] , we conclude that Eq. (21) describes a general perturbation of the finger (10) , if N is large enough.
Second, it was shown [3] that the solutions (6) do not have finite-time singularities if Re δ k > 0 2 . Third, as was recently proven in [21] , generally all logarithmic poles in the absence of finite-time singularities merge in the long time limit to 1 with exponential accuracy O(e −τ ), where
Because of the merging of all logarithmic singularities into one point near the unit circle 3 , we substitute 1 for all ǫ k (t) and a(t) in the Eq.(21) when t → ∞ and obtain
This last formula describes the single logarithmic finger which was formed from the original finger (3) under the perturbation (21) and has the width
which is exactly one half since (20)) and µ+α = 1 by an argument analogous to Eq.(11), so that
The result (25) as well as the result (18) indicate that, for obtaining the -width finger in a long-time asymptotics, we do not need surface tension. Because of the agreement of the dynamics of the transition from an arbitrary finger width to one half with the numerical description of this process with non-zero surface tension [22] (see [23] for details), we conclude that surface tension is also unnecessary for odescribing this dynamics. Now we start from an arbitrary initial interface expressed in terms of logarithmic solutions (6) which never blow up in a finite time. The arbitrary interface has the form
with all |a k | < 1 and Re α k > 0. Because of density and completeness of these solutions in the class of all analytic curves [18] we state that Eq.(26) describes the most arbitrary analytic interface. Just as before 2πi = z(t, 2π)−z(t, 0) = 2πi N k=1 α k , so we have
Again, because Eq. (26) is the N-finger solution (6) of the LGE (5), all a k (t) merge to 1 in the limit t → ∞ (see footnote 3). Therefore we have in the long-time by virtue of (27):
So, we have demonstrated that an arbitrary initial interface (26) necessarily evolves to the one-half-width finger. (All other long-time asymptotics such as the finger with non-one-half width or the family of several parallel fingers can be easily shown to be unstable). Thus the -width finger is shown to be the only attractor for all moving fronts in the Hele-Shaw cell with periodic boundary conditions. All dynamics of the transition from an arbitrary interface to the 1 2 -width finger is exactly known and described by the set of transcendental equations (8) and (9) which involve only elementary functions. Both the selection of one half in asymptotics and all features of this dynamics given by our exact solutions are in complete agreement with all known experiments and simulations. Now we will extend these results obtained for the periodic boundary conditions to the more physical "no-flux" boundary conditions. The point is that so far the analysis was performed for the periodic boundary conditions, where the Hele-Shaw cell represented one period of the infinite periodic array of equidistant moving fingers. It is because of this condition that we used that z(2π) − z(0) = 2πi. The no-flux boundary condition implies that basic stagnation points belong to the walls of the channel, as in the periodic case. (Otherwise flux through the walls would not be zero.) However, unlike the case of periodic boundary condition these two stagnation points should not necessarily have the same horizontal coordinate. As one can easily check, the no-flux boundary condition is also a periodic problem where the period equals twice the width of the Hele-Shaw call. The periodicity doubling lowers the interface symmetry, therefore 4π-periodic problem invalidates the generic coalescence of fronts to a single finger that we used above for the 2π-periodic case. For the sake of brevity, we will perform the analysis for N = 2, but it can be easily extended to arbitrary N. One can easily obtain as an extension of [15] that the development of a single finger with the width λ = 1 − (α 1 + α 2 )/4 is described by the formula z(t, φ) = τ (t) + µiφ + α 1 log e iφ/2 − a 1 (t) + α 2 log e iφ/2 + a 2 (t) ,
where 0 < a 1,2 (t) < 1. Here the interface is 4π-periodic rather than 2π because of the period doubling imposed by the no-flux boundary conditions, so z(t, 4π)i − z(t, 0) = 4πi. This leads to the following condition:
We note that
Substituting this into Eq.(29) and allowing the new logarithmic poles ǫ 1,2 (t) to be functions of time, we obtain:
This is again the solution (6) of LGE (5) when N = 4. One can see from (8) that δ must be real, and, if |δ| < 1, all four logarithmic singularities a 1,2 and ǫ 1,2 merge to 1. So we have in the long-time limit
This describes a finger moving between two grooves with widths π(1 + δ)/2 and π(1 − δ)/2 respectively (see the geometrical interpretation in the introduction). Consequently, the portion of the Hele-Shaw channel width occupied by the moving finger is
So, for the no-flux boundary conditions, we have obtained the -width finger as expected. It is worth mentioning that experimentally the finger in the long-time limit is centralized in sense that axes of symmetry of the finger and Hele-Shaw cell coincide. This corresponds to the condition δ = 0, so both grooves are of equal width. In the next paper we intend to study, within the framework of logarithmic solutions (6) , the instability of all δ = 0 solutions with respect to formation of the centralized finger where δ = 0.
The finger with a width of one half is linearly unstable without surface tension. However, it is nonlinearly or globally stable: the shape of the finger can be destroyed by any perturbation, but eventually the 1 2 -width finger will be restored, because of the coalescence described above.
We would like to speculate about the role of surface tension in 2D Laplacian growth. We think that while mathematically still singular (because of a small number multiplied the highest derivative), physically surface tension is a regular perturbation for this problem (unless very high initial curvatures exists which surface tension suppresses). The study of this question is in progress.
CONCLUSION
In conclusion, we have analytically solved the finger selection problem in the absence of surface tension. In particular, by using the non-singular exact solutions of LGE, we have demonstrated that the 1 2 -width finger is the only attractor for all generic moving fronts in a Hele-Shaw cell in the long-time limit.
